ABSTRACT In several papers, analytical calculations of the mean value of the end-to-end delay in highway vehicular ad-hoc networks (VANETs) have been presented. Unfortunately, none of these papers presented calculations of the probability distribution of this delay, which is necessary to give probabilistically guaranteed upper bounds on the end-to-end delay in such VANETs. In a previous paper, we introduced the first analytical framework for the calculation of the probability distribution, and not only the mean, of the end-to-end delay in multi-lane one-way highway VANETs. This made it possible to provide guarantees of transmission in a given time frame with known confidence. In this paper, that previous work is extended to two-way multi-lane highways by taking into consideration vehicles travelling in both directions. The probability distribution of the end-to-end delay is calculated herein and its dependence on system parameters, such as speed distributions in the two directions, communication range, and vehicle densities, are analyzed. Computer simulations are used to verify the analytical model. The good agreement between simulation results and the analytical calculations demonstrates the correctness and accuracy of the proposed analytical model.
I. INTRODUCTION AND MOTIVATION
Vehicular Ad-hoc Networks (VANETs) are a special case of ad-hoc networks where nodes are vehicles communicating with each other and optionally with access points and roadside units. Research into VANETs and their various properties is becoming widespread as these networks become closer to practical realization [1] , [2] . The interest and popularity of VANETs stem from the high potential of many useful applications such as driving safety services, interactive video communication, and Internet access to vehicle passengers. In VANETs (without infrastructure such as roadside units), routing is performed using a store-carry-and-forward approach, where the packet is stored, carried by the vehicle, and forwarded once the vehicle is within radio transmission of a vehicle towards the destination. Packet carrying can cause substantial packet delays, especially in low density networks. Therefore, it is always desirable to characterize the end-toend packet delay in VANETs.
Wu et al. [3] found an expression for the mean message propagation delay based on inter-vehicle spacing and vehicular velocity distributions with a time-invariant speed. Zhang et al. [4] determined the expected value of the message propagation speed for time-varying vehicular speeds using a discrete-time Markov model. More recently, the same authors extended this work in [5] to multiple traffic streams with possibly different velocity distributions. Wisitpongphan et al. [6] determined the average end-to-end delay in a single-lane twoway highway using the Laplace transform of the moving distance to bridge gaps between vehicles. Katsaros et al. [7] used Stochastic Network Calculus to analyze the end-to-end delay in a vehicular network, however only provided an upper bound on the end-to-end delay and not the distribution of this delay. Finally, He et al. [8] recently analyzed the propagation delay in two-dimensional VANETs and proposed a routing algorithm for such vehicular networks.
However, all of the abovementioned works determined the expected value of or an upper bound on the end-to-end delay only (not the probability distribution). In fact, the expected value does not fully characterize the end-to-end delay. As a random variable, the end-to-end delay is fully characterized
II. SYSTEM MODEL
In the context of VANETs, a cluster of vehicles is a maximal group of vehicles, each within the communication range of at least one other vehicle in the cluster. An example of two clusters in a VANET is shown in Fig. 1 , where the head vehicle of the first cluster and the tail vehicle of the second cluster are labeled, and the groups of vehicles in each cluster are circled. To calculate the pdf of the end-to-end delay in a highway VANET, the following assumptions are made (as in [2] - [5] and [9] ) to simplify the calculations:
• First, it is assumed that two vehicles can communicate with each other if and only if they are within the communication range r. It is assumed that vehicles in opposite lanes may also communicate with each other, and that the distance between lanes is negligible compared to the communication range r, so that only the horizontal distance between the vehicles is taken into consideration for our calculations. If the two vehicles are within communication range, the message is delivered from one vehicle to the next wirelessly (with almost zero delay). Under the assumption of instantaneous wireless transmission (as in e.g. [3] and [6] ), the end-to-end delay is simply the sum of catchup times between disconnected vehicles. This is reasonable, given recent work on the IEEE 802.11p standard [14] showing transmission occurs on the order of seconds or tens of milliseconds, as opposed to the catchup time which can take on the order of tens of seconds (see e.g., [3, Fig. 6 
(e)]).
• The second assumption is that intervehicle distances in each direction of the highway follow independent identically distributed (i.i.d.) exponential distributions. However, the exponential parameters of these distributions (related to the average intervehicular distance) are not necessarily equal in both directions.
• Thirdly, it is assumed vehicle velocities in both directions are distributed uniformly between some minimum and maximum values. This is the same assumption as made in [3] , and as there, the assumption is made in order to simplify calculations while capturing some of the dynamics of vehicle interactions. A list of symbols used in this paper is given in Table I .
III. OVERVIEW OF CALCULATION OF cdf OF END-TO-END DELAY
Recall the procedure for calculation of the cdf of the end-to-end delay in a one-way highway VANET in [9] . The conditional probability of the time required for one catchup phase was determined as in [4] using the probability distributions of the distances travelled during the catchup phase by the head of the current cluster and the tail of the VOLUME 6, 2018 next cluster. Assuming the pdf of the distance the cluster head travels is f X (t) (x), and the pdf of the distance the next cluster travels is f X (t) (x), the conditional probability that the catchup time between the two clusters was less than t is determined by the following double integral:
P[T c t|L uc = l] = P[X (t) X (t) + r − l]
x+r−l 0 f X (t) (x )dx dx, l > r, (1) where r is the maximum radio communication range. Then the cdf of the catchup time required for one catchup phase is simply:
In [9] , analytical expressions were found for f X (t) (x) and f X (t) (x), which simplified the calculation of the cdf of the catchup time for one catchup phase. In that paper, we calculated the joint cdf of the catchup time (t c ) as well as the distance the cluster head travelled during this time (x c ), for a single catchup phase. Then based on the known pdf of the length of a single cluster, the joint pdf for the single catchup phase was convolved with the cdf of the length of a cluster to give a new joint cdf function for the distance the message propagated after one catchup phase. This resulting cdf was repeatedly convolved with the resulting joint pdf, from which the cdf of the end-to-end delay was determined for a known length of highway.
The two-way cdf calculation in this paper uses the same methodological framework as that for the one-way case. The main difference is that the calculation is complicated by the fact that the left-travelling and right-travelling vehicles must be accounted for separately. Additionally, whether or not the tail of the next cluster is either travelling right itself, or is connected to another vehicle which is travelling to the right, becomes particularly important. Supposing that the head of the current cluster catches up with a left-travelling vehicle, which is not in the same cluster as another right-travelling vehicle, it is assumed that this catchup can be ignored, because in most cases, after a short period of time, the righttravelling vehicle will pass by this tail and the message will have propagated the same distance as if the catchup with the disconnected left-travelling vehicle had never occurred. As a result, a second assumption, that the cluster head is always travelling to the right, follows.
Similar to the one-way case, it is possible to derive an analytical piecewise-defined expression for f X (t) (x), the pdf of the distance travelled by the tail of a cluster over a time t, in the two-way case. The detailed derivation of f X (t) is included in the Appendix. It is also possible to calculate such an expression for f X (t) (x), the pdf of the distance travelled by the head of a cluster in a two-way VANET over time t, however this is unnecessary since it is assumed the current cluster head is always travelling to the right. Therefore, the result already derived for the one-way case in [9] can be used.
The following 6-step procedure is followed in order to calculate the end-to-end delay in the two-way case:
1. Determine the pdfs of the distance to the next rightconnected, left-travelling (f X L uc,L ) and right-travelling vehicles (f X L uc,R ).
From the pdfs in
Step 1, determine the overall pdf (f X Luc ) of the distance to the next vehicle which is either a right-travelling vehicle, or in the same cluster as one. 3. Based on the pdf of the initial gap to the next vehicle, the known velocity distributions of left-and righttravelling vehicles, and analytical calculation of the cdf of the distance travelled by next cluster tail, determine the probability that catchup occurred in time t c , using Eqs. (1), (2) and (6)- (12). 4. Based on the distance travelled by the cluster head in
Step 3 during the catchup phase of duration t c , and distribution of cluster length (determined by Eq. (13)), determine the joint cdf of the distance travelled by the message and time taken for an individual catchup phase to the next right-connected vehicle.
Repeatedly convolve joint-cdf from
Step 4 with derived joint-pdf to determine pdf of end-to-end delay.
Correct end-to-end delay in
Step 5 for last catchup phase possibly taking longer than the actual time taken to reach the final destination. This 6-step procedure is also depicted in flow chart form in Fig. 2 . This procedure is now described in more detail. From the exponentially-distributed pdfs of the intervehicular distances between two vehicles travelling in the same direction, it is possible to find pdfs of the distances between the current right-travelling cluster head and both the next righttravelling vehicle and the next left-travelling vehicle. Akin to the pdf f X Luc of the distance required by the current cluster head to catch up to be within communication range of the next vehicle in the one-way case, the same pdf can also be calculated for the two-way case, except that two separate pdfs are calculated, f X L uc,L and f X L uc,R , to the next left-travelling and right-travelling vehicle respectively.
It is known from previous works, e.g., [15] , that successive hops in a multi-hop wireless network are not statistically independent. To account for this lack of statistical independence, the observation is made and used, that the pdfs of the distance between the current right-travelling cluster head and the next vehicle, depends on whether the current cluster head already experienced an unsuccessful catchup phase, in which it caught up to a left-travelling vehicle not connected to another right-travelling one. In that case, to account for this change in pdfs, new pdfs of the distances to the next left-and
and f X L uc,R ) from the current cluster head, are calculated.
Once all of these distributions (f
and f X L uc,R ) have been computed, the cdf of the catchup time for one catchup phase, F T c (t) is calculated, similar to Eq. (2). The main difference however is that the estimates of the catchup time to the next left-travelling and righttravelling vehicles must be combined probabilistically to get the overall F T c (t). Care must also be taken in determining if the catchup to within communication range was to another right-travelling or left-travelling vehicle. This determination is based on the distance that the next cluster tail travelled during the catchup phase. Based on this distance, the next cluster tail is divided into three possible categories, the first of which consists exclusively of right-travelling tails, and the other two consisting solely of left-travelling tails, but split into the cases of whether or not the next left-travelling vehicle was always the closest to the current cluster head during the catchup phase, or if there was initially a right-travelling vehicle which was to the right, and closer to the current cluster head, but eventually a left-travelling vehicle became closer to the current cluster head at some time during the catchup phase. This method is described in more detail later in the following section.
IV. CALCULATION OF cdf OF END-TO-END DELAY A. CLOSED FORM FOR cdf OF DISTANCE TRAVELLED BY CLUSTER TAIL IN TWO-WAY CASE
The paper of Wu et al. [3] gives general expressions for the cdfs of the distances travelled by the current cluster head and the next cluster tail in the two-way case, based on the vehicular spatial and velocity distributions. Note that in that paper, a closed form for this expression was not derived, as is done in this paper, and only the expected value of the end-toend delay was computed, as opposed to the full cdf, as is done here. Note that the equations derived in this section are used in Step 3 of the overall flow chart in Figure 2 for the procedure to determine the pdf of the overall end-to-end delay in a twoway multilane VANET.
Proceeding to the determination of the closed form for the distance travelled by a cluster tail in the two-way case, recall the formula given in [3] for the complementary cdf of the distance travelled by the cluster tail over a time period t:
As assumed thus far, for two-way traffic, it is assumed the positive direction is to the right and the negative direction is to the left. In the above equation, N − (t) is the number of vehicles passing the starting position of the cluster tail, in the left-going lane, while N + (t) is the number of vehicles passing the starting position of the cluster tail, in the right-going lane. Because it is assumed that the intervehicular distances in each of these lanes follows an exponential distribution, each of the random variables N − (t) and N + (t) will follow a Poisson distribution, with parameters λ − and λ + respectively, where these are also the parameters for the corresponding exponential traffic densities in time. Also, in the above equation, V is a random variable representing the velocities of all vehicles, regardless of their direction of travel, whereas V + is a random variable for the velocities of only right-travelling vehicles, and V − is a random variable for the velocities of only lefttravelling vehicles.
If the parameter µ + is defined to be the traffic density of only the right-travelling vehicles in units of vehicles per metre, and µ − the traffic density of only left-travelling vehicles in units of vehicles per metre, then it is easy to show that
Additionally, T + follows a uniform distribution on (−(
The above equation is in fact inaccurate because it does not consider other vehicles moving to the left which might overtake the final position of the tail vehicle moving to the right, without overtaking its initial position. VOLUME 6, 2018 In this paper, a corrected version of this formula is used:
Here again, T − ∼ uniform(0, t) and
This revised formula only affects the cases when x > 0. The following cases for the value of x must be considered in calculating the cdf of the distance travelled by the next cluster's tail. The derivations of these expressions are given in Appendix A of this paper.
1.
In the sequel, the formula for the cdf of the distance travelled by the head of a cluster in the case of one-way traffic from [9] is used.
This formula is as follows:
The pdf of this distance f X 1 (t) (x 1 ) can be found by differentiating the above piecewise-defined function with respect to x 1 . Equations (6)- (12), in conjunction with Equations (1) and (2), can be used to find the cdf of the catchup time required for one catchup phase. However, this is not sufficient, since the direction of travel of the next cluster tail as well as whether or not it is in the same cluster as another right-travelling vehicle must be taken into consideration. This unfortunately complicates the calculation of the true catchup time required to the next right-connected vehicle, as will be seen in the next subsection.
In the one-way case in [9] , the joint pdf in distance and time for one jump between two right-going vehicles was calculated. Here, the same procedure is performed for the two-way case, only considering jumps between a rightgoing and left-going vehicle if it ends up through wireless transmission without further displacement of the vehicles to another right-going vehicle. In the sequel, any vehicle in the same cluster as a right-going vehicle (including possibly itself), is called a right-connected vehicle. Such a vehicle is illustrated in Fig. 3 below. An example of a left-going vehicle which is not right-connected is illustrated in Fig. 4 . This concept is found to be critical in the calculation of the overall pdf of the end-to-end delay of message transmission in the two-way highway VANET model assumed in this paper. Zhang et al. [4] obtained the following expression for the probability distribution of the length of one cluster, assuming an exponential intervehicular distance distribution:
where 1 ρ is the mean intervehicular distance assuming an exponential intervehicular distance distribution. For the purposes of the analytical development here, ρ is set to µ − . The corresponding cdf will be denoted by F X cl (x cl ).
B. DETERMINATION OF pdfs OF DISTANCES TO NEXT LEFT-AND RIGHT-TRAVELLING VEHICLES
The calculations in this section correspond to Step 1 of the six-step procedure presented earlier in the paper. All vehicles on the highway are placed into one of four possible groups:
1. Travelling to the left, not right-connected (see Fig. 4 ). 2. Travelling to the left, right-connected (see Fig. 3 ). 3. Travelling to the right, not right-connected to the righttravelling vehicle after it (see Fig. 6 ). 4. Travelling to the right, right-connected to the righttravelling vehicle after it (see Fig. 5 ). In Appendix B, expressions are found for the conditional pdfs of the distance of the current cluster head to vehicles in each of the four above groups of vehicles. It is also shown that these pdfs are dependent on whether the current cluster head has already come into communication range of a lefttravelling vehicle which was not right-connected, meaning there was a previous unsuccessful catchup phase. So the pdfs of the distances to the next left-and right-travelling vehicles are also found for the two subcases when the current cluster head has and has not experienced a previous unsuccessful catchup phase in order to improve the accuracy of our calculations.
The determination of the above pdfs makes it easier to calculate the overall joint cdf of the time required and distance travelled for a single jump from the current right-travelling cluster head to the next right-travelling cluster head.
Next, for each possible catchup time, all possible initial distances between the cluster head and the tail of the next cluster are considered, the distribution of which is given by f X Luc (x L uc ), when there have not been any unsuccessful catchups with the cluster head, or by f X L uc (x L uc ), when there has been at least one unsuccessful catchup with the current cluster head. All possible distances that the head of the cluster travelled during this time are also considered, assuming it is travelling to the right, towards the final destination.
1) CATEGORIZATION OF CLUSTER TAILS
Based on the distance travelled by the next cluster tail, and the time required to travel this distance, its mean velocity may be computed for the catchup phase. Based on this mean velocity, denoted by v mean , the tail of the next cluster can be placed into one of three categories.
1. The tail of the next cluster is travelling to the right when reached (to within communication range) by the current message head (v mean > v min ), 2. The tail of the next cluster is travelling to the left, although initially the tail of the next cluster was travelling to the right (the initial tail overtook a left-travelling vehicle which subsequently became the new cluster tail, i.e., −v min < v mean < v min ), and 3. The tail of the next cluster is travelling and was travelling to the left for the entire catchup phase (v mean < −v min ).
The regions in a time vs. distance plot corresponding to these three categories are illustrated in Fig. 7 . This categorization is performed since the catchup time to the next right-connected vehicle, as well as the distance of the next right-connected vehicle to the next right-travelling vehicle is heavily dependent on the category of the cluster tail, and is more easily calculated separately for each of these categories, and then combined to obtain an overall pdf of time required for one catchup phase.
For each possible catchup time T c , the probabilities that the tail of the next cluster falls into each of the above three categories are also computed. If the initial gap was of length k, which will occur with probability f X Luc (k) or f X L uc (k), the catchup time was t c , and the cluster head travelled a distance of x 0 , which occurs with probability f X 1 (t c ) (x 0 ), then the tail of the next cluster must have travelled a distance (x 0 −k), during the catchup phase, and this will happen with probability f X (t c ) (x 0 − k). Based on the values of (x 0 − k) and t c , the category, if any, in which the next cluster's tail falls into can be determined.
For example, if −v min t < x 0 − k < v min t, then it can be deduced that the cluster tail must fall into category 2, as shown in Fig. 7 . Similarly, if −v max t x 0 − k < −v min t, then the cluster tail can be assumed to fall into category 3, while if v min t < x 0 − k v max t, then the cluster tail falls into category 1. 
a: CATEGORY 1 TAIL
The function p 1 (k) denotes the probability that given the initial gap between the current cluster head and the tail of the next cluster was r + k, and the tail of the next cluster is from category 1, then sometime in the time interval [t, t + t), the two just come into communication range, i.e. t c ∈ [t, t + t].
For category 1, the quantity
is calculated, where
Here t is the timestep used for discretizing the catchup time, and the quantity d 1 represents the maximum possible change in the distance between the current cluster head and the tail of the next cluster that could have occured within the timestep t, given that this tail was from category 1. Note that for all categories, including category 1, the factors
(the fractions of right-and lefttravelling vehicles respectively) appear in the expression for the distributions of the initial gap between the current cluster head and the next cluster tail. Because the initial gap k between the right-travelling cluster head and the tail of the next cluster is known when calculating p 1 (k), we instead use
, since the concentration of right-going and left-going vehicles is a function of the gap between the current cluster head and the tail of the next cluster. When the current cluster head has not gone through any unsuccessful catchup phases,
while if there has been at least one unsuccessful catchup phase with the current cluster head,
b: CATEGORY 2 TAIL Similar to the category 1 case, for category 2, the value of p 2 (k) is calculated. This quantity represents the probability that given the initial gap between the current cluster head and the tail of the next cluster was r +k, then sometime in the time interval [t, t + t), the two just came into communication range.
where
Once again d 2 represents the maximum possible change that could have occurred during the timestep t in the distance between the current cluster head and the tail of the next cluster, given that the tail falls into category 2.
c: CATEGORY 3 TAIL
The function p 3 (k) denotes the probability that given the initial gap between the current cluster head and the tail of the next cluster was r + k, and the tail of the next cluster is from category 3, then sometime in the time interval [t, t+ t), the two just come into communication range. That probability can be found from the following expression:
is the maximum possible change in distance between the current cluster head and the next cluster tail during the timestep t, with the tail now assumed to be from category 3.
2) PROBABILITY OF CATCHUP TO TAIL FROM EACH CATEGORY GIVEN INITIAL GAP
This subsection corresponds to
Step 2 of the 6-step procedure given earlier in this paper for the calculation of the pdf of the total end-to-end delay from source to destination for a message on a 2-way highway VANET. For every possible initial gap k and catchup time t c , all possible distances that the current cluster head could have travelled are considered, assuming it is travelling to the right. For category 1, and for each such x 0 , we calculate
the probability that the current cluster head first reaches a right-going vehicle and that the initial distance between them was r +k. The quantity τ 1 (x 0 , k) = t 1 (x 0 , k), is also calculated, representing the probability the current cluster head first reaches a right-going right-connected vehicle, and is initially at a distance of r + k from the current cluster head.
Similarly, for category 2 tails, the following probability is calculated:
where k 2 is the probability that the category 2 lefttravelling tail is right-connected. The distance between the left-travelling tail and the closest right-travelling vehicle after the catchup time t c is estimated to be
so that
and for category 3 tails,
is calculated, where p 3 (k) is given by Equation 20 and
where k 3 is the probability that the category 3 left-travelling tail is right-connected. Assuming that the nearest right-travelling vehicle to the left-travelling tail is initially exponentially-distributed with (spatial) parameter µ + from the tail, then after the catchup time t c , the pdf of the distance between this left-travelling tail and the nearest right-travelling vehicle will be:
metres from the left-travelling tail, where f X r (x r ) is exponentially distributed with (spatial) parameter µ + . It can also be assumed that if the left-travelling tail is connected to the next right-travelling vehicle at the end of the catchup phase, then the left-travelling tail and the next righttravelling vehicle must have also been initially connected at the beginning of the catchup phase. This assumption is valid because if they were not initially connected, then there must have been an intervehicular gap of distance greater than the communication range r between the left-travelling tail and the next right-travelling vehicle. Assuming the variance of the velocity distribution is small compared to its mean, then this gap would have persisted until the end of the catchup phase, and the two vehicles would still not be connected.
Since the initial distance between these two vehicles has pdf f X r (x r ), it can be assumed that if they are connected, they must be separated by a distance with probability distribution given by f X Lc ,R (x L c ,R ). Independent of this, it is found that after the left-travelling tail comes within communication range of the right-travelling head, the distance between this left-travelling tail and the next right-travelling vehicle to the right of that, must have increased by an additional distance of k, and this distance must also be part of a cluster connecting these two vehicles in order for the catchup phase to be considered as complete.
This event, of the right-travelling tail catching up to a category 3 left-travelling tail, which is right-connected after the end of the catchup phase, occurs with probability c 0 (k), so that the overall probability of connectivity will be
For fixed k and t c , and for 1 i 3 let t i = x 0 t i (x 0 ), and
Similarly, the same quantities u 1 , u 2 , u 3 as t 1 , t 2 , t 3 respectively can be computed. Additionally, the quantities γ 1 , γ 2 and γ 3 instead of τ 1 ,τ 2 and τ 3 can be calculated, corresponding to probability distributions of catchup times given that the current cluster head already caught up to a left-travelling vehicle which was not right-connected. The main differences between this case and the case when there were no previous unsuccessful catchups with the current cluster head are:
(a) the probability that the next vehicle to the right is righttravelling will be given by the expression
(b) instead of using f X Luc (k) in the defining equations, the function f X L uc (k) is used, since an unsuccessful catchup has occured, and (c) for the category 3 tails, instead of
In Equation 32 above, c 1 (k) is defined as the probability that a Category 3 tail, separated from the current message head by a distance of r + k at the onset of the current catchup phase, is right-connected at the end of the current catchup phase.
While all possible initial gap sizes and catchup times are considered, the distributions of gaps between cluster tails in the 3 categories and the next right-travelling vehicle when no unsuccessful catchup phase has yet occurred with the current cluster head are considered, by using the estimates above for this distance and weighing the probability of that distance by the appropriate t i (x 0 ). Note that for cluster tails in category 1, this distance will always be identically zero. These distributions are recorded both for the case that the current cluster head has not had any unsuccessful catchups, and for the case when it has.
C. DETERMINATION OF JOINT-cdf MATRIX FOR SINGLE CATCHUP PHASE
This subsection corresponds to Steps 3 and 4 of the 6-step procedure described earlier in this paper. Given the t i 's (from Eqs. (22), (23) and (27), with t i corresponding to the fraction of cluster tails belonging to category i for first-time catchups) and the u i 's (with u i corresponding to the fraction of cluster tails belonging to category i for second or higher-instance catchups) obtained from the expressions in the previous subsection, the distribution of the distance the message will travel given that the cluster head needed time t to catch up to the next cluster tail is now calculated.
The matrices A = t i A i and A = u i A i are formed, where the A i s and A i s are joint-cdf matrices in x and t, such that A i (x, t) is the cdf of the probability that the catchup phase took time t and the cluster head travelled a distance x during this phase, and the next cluster tail belonged to category i. The distance the cluster head travelled is computed using convolutions as the sum of the distance the head travelled and G i , the pdf of the gap to the next connected vehicle from category i. This is done to ensure that for the next catchup phase the new cluster head will also be travelling to the right.
Using the probability distribution of the catchup time to any vehicle (right-connected or not), and subtracting off the pdf of the probability distribution of the catchup time to a right-connected vehicle, the matrices D and D as the jointcdf matrices given that the current cluster head caught up to a non-right connected vehicle, can be computed. The pdfs of the catchup time distributions will be equal to (t i − τ i ) and (u i −γ i ) respectively and the distance travelled by the cluster head will simply be given by the distribution f X 1 (t) (x) of the distance the cluster head travels given the catchup phase took time t for the one-way traffic case, which was derived in [9] . The joint-pdf matrices d and d corresponding to the joint-cdf matrices D and D will be given as the outer products of the catchup time and catchup distance distributions.
Therefore, the joint cdf matrix for the catchup time and distance for one catchup phase to a right connected vehicle is given by the convolution series:
where d * k denotes the k-fold convolution of d with itself, with the zero-fold convolution set equal to the discrete Dirac delta function.
D. DETERMINATION OF TOTAL END-TO-END DELAY
This subsection corresponds to Step 5 of the six-step procedure given earlier in this paper. The probability that the initial cluster head at the left-end of the highway is connected to another right-travelling vehicle is now computed. If this initial cluster head is to be connected to another right-going vehicle, there must either be another right-going vehicle within communication distance of it, or there must be a right-connected left-travelling vehicle within communication distance of it. The probability of the initial cluster head being connected either directly or indirectly to another righttravelling vehicle can be found to be:
The term 1 − e −µ + r corresponds to the probability that there is at least one right-going vehicle within communication distance of the current right-going cluster head, and the rest of the expression corresponds to the probability of the next right-going vehicle being beyond the direct communication range r of the current cluster head, but is still connected to it via a cluster of left-travelling vehicles. The pdf of the distance to the next right-going vehicle given that the current cluster head is connected to a right-going vehicle may also be found. Call this pdf f X R (x R ) and define f X e (x e ) to be an exponentially-distributed pdf with parameter µ + , set to zero for all x e > r. Then define f * k X e (x e ) to be the k-fold convolution of f X e (x e ) with itself, but truncating at x = r after each convolution. Then the distribution of the farthest right-going vehicle which is within communication range of the current cluster head is
For x > r, the same expression as in the calculation of P 0 is used, except that the double-summation is separated based on the value of x 0 , which yields
for x > r. Once again, the first summation corresponds to the case that the next right-going vehicle is within direct communication range of the current cluster head, while the second summation corresponds to the case that the next right-going vehicle is beyond this range, but is stil connected to the current cluster head via a cluster of left-travelling vehicles.
To determine the pdf of the distance from the current right-going cluster head to the farthest right-going vehicle connected to it (f X R far ), the following sum is formed
Here, the * k superscript represents k-fold convolution. Let F X 0 ,T 0 (x 0 , t 0 ) be a joint cdf corresponding to initial instataneous transmission of the message. Then,
The first term 1 − P 0 corresponds to the probability of the event the current cluster head is not connected to another right-going head in the same cluster. In this case the message will not instantaneously jump to another right-going vehicle, and thus the message will travel a total distance of zero instantaneously to another right-going vehicle, since no such other right-going vehicle connected to it exists. Otherwise, the current cluster head can be determined to be connected to another right-going vehicle and the cdf of the distance to this next right-going vehicle is F X R far .
Then the matrix F X 0 ,T 0 (x 0 , t 0 ) can be repeatedly convolved with f X cc ,T cc (x cc , t cc ) to get the joint cdf for k hops as k ranges from 1 to ∞. For each of the joint cdfs for different numbers of hops, the cdf is truncated up to x cc = x max , the distance to the final destination, and also add the probability that the corresponding pdf has a total catchup distance greater than x max to the cdf F T d (t d ), for the total end-to-end delay, as was done in the case for one-way traffic [9] .
E. CONTRIBUTION OF LAST CATCHUP PHASE
Corresponding to the final stage of the six-step procedure given earlier in this paper, the fact that for the last catchup phase, it is possible that the destination was reached before the catchup phase (including the instantaneous transmission to the head of the next cluster) was complete, must be taken into account. This is especially an issue when the overall traffic density is low. Such a situation is depicted above in Figs. 8 and 9 . In Fig. 8 , the final destination is between the current cluster head and the tail of the next cluster. After the catchup phase is complete, as shown in Fig. 9 , the cluster head will have already passed the final destination, denoted by a star. If the final catchup phase is considered as a special case, then the total time required for this last catchup phase would be added to the total end-to-end delay. However, this will result in an overestimation of the total end-to-end delay since the cluster head has already reached the final destination before completion of this last catchup phase. The accounting of and compensation for this possibility are discussed in this section. As already stated, the distributions of gaps between lefttravelling tails in categories 2 and 3 and the next vehicle to the right are recorded, given the initial gap is of length k between the current cluster head and the left-travelling tail. Call these pdfs g k, 2 and g k, 3 , respectively. The pdf g k,1 , corresponding to category 1 tails, which travel to the right, has distribution equal to 1 at the value 0, and zero otherwise. This is because there is no distance between the next cluster tail and the next right-travelling vehicle, since they are one and the same (the next cluster tail is also the next right-travelling vehicle).
The total distribution vector of the distance between the next cluster's tail and the next right-travelling vehicle is g k = i t i g k,i when there have been no unsuccessful catchup phases with the current cluster head, and h k = i u i h k,i , when there has been at least one unsuccessful catchup phase with the current cluster head. The probability that the first catchup phase was successful is simply i t i .
Therefore, the overall gap distribution given that the initial gap was of length k, will be given by
Similarly, the overall catchup time distribution for the last catchup phase is given by the expression with the kth row given by p k can be formed. To find the expected value of the overall gap distribution, the matrix-vector product r=Pq is taken. The kth element of the resulting vector r will just be the expected value of the gap distribution given that the intial gap was of length k.
Recall that the pdf of the length of a cluster of lefttravelling vehicles is given by f X cl . Similarly, the pdf of the length of a cluster of both left-and right-travelling vehicles f X CL is found by substituting ρ = µ 1 + µ 2 into Eq. (1). The vector r is convolved with f X CL to obtain the vector v, which is then appended to a zero vector of length r, to obtain the vector w. This resulting vector w gives the probability distribution of how much the message jumps instantaneously once the catchup phase is complete. So this vector can be denoted by the cdf F J c (j c ).
The probability distribution f X c (x c ) of the distance the cluster head travels in the catchup phase can be found. To this end, the probability distribution f T c (t c ) of the time the cluster head is in the catchup phase can be determined, simply by taking the last row of ∂ t cc F X cc ,T cc , i.e.,
Then the pdf f X c (x c ) can be found by taking the sum
Recall that the vector w is defined to be the pdf of the distance the message jumped instantaneously after the catchup phase ended. The cdf of the total distance the message travels in one catchup phase (call this F Z c (z c )) is given by the convolution of w and F X c (x c ). Now, suppose after the last catchup phase, the cluster head is beyond the final destination by a distance of z c ≥ 0. Then, for this catchup phase, the random variable Z c was greater than z c . The total end-to-end delay of the message from the original source to the final destination will be overestimated when the cluster head travelled beyond the position of the destination while still being in the catchup phase. The endto-end delay will not be overestimated with probability
Otherwise, the end-to-end delay has been overestimated and all values of f J c (j c ), with j c ≤ z c are considered. Then, the total excess time added to the end-to-end delay estimate will be given approximately by
where v mean is the average velocity of any right-travelling vehicle. Thus supposing that the total end-to-end delay and distance travelled were given by the joint pdf f (x total , t total ), with x total = x max + z c , instead of taking t total as the end-toend delay, it is only taken as the total end-to-end delay with probability
Otherwise, the total end-to-end delay is taken to be
where j c ranges from 0 to z c , with probability
Repeatedly convolving F X 0 ,T 0 (x 0 , t 0 ) with f X cc ,T cc (x cc , t cc ), and adjusting the end-to-end delay using the excess correction procedure just described at each convolution stage, a final expression for the cdf of the total end-to-end delay F T d (t d ) is obtained, which can be compared to results obtained for the same cdf from simulation.
V. RESULTS
Figs. 10-14 show the cdfs of the end-to-end delay (T d ) obtained analytically in the previous section and by simulations. The simulations were written in C++, although the results would not differ significantly with the use of special simulation software such as NS-2 to model the physical and As shown in all figures, there is good agreement between the analytical and simulation results, which confirms the accuracy and correctness of the analytical derivation of the cdf of T d given in Sections III and IV. and µ − = 1.65 × 10 −3 veh/m, it can also be noticed that the former has higher probability for longer end-to-end delay (compared with the latter case). Although both cases have the same average spatial vehicle density, the former case has a lower spatial vehicle density in the right direction which causes longer delay, particularly when packets are carried (due to communication gaps).
The dependence of F T d on the communication range (r) is shown in Fig. 12 , where F T d is plotted for r = 150, 300, and 500 m. As expected, as r increases the connectivity of the VANET improves, which leads to more forwarding and less carrying. As a result, as r increases, the probability of shorter end-to-end delay gets higher.
Finally, Figs. 13 and 14 show the effect of changing the means and variances of the speed distributions in each lane, respectively. From these two figures, it is evident that changing the means of the distributions has more of an effect than changing their variances. In Fig. 13 , the two sets of curves, each set consisting of one solid and one dashed, correspond to the analytical and simulated results for mean velocities of 20 m/s and 35 m/s. Interestingly, and possibly contrary to intuition, when the intervehicular distance distribution and speed variance are kept the same, while the mean vehicular speed is increased, for this choice of parameters, the mean and median of the total end-to-end delay actually increase. One would assume that the higher the mean speed of traffic, the lower the mean and median total end-to-end delay would be since the message would be travelling faster while it is being carried. However, a plausible explanation for the increased total end-to-end delay is the shorter time window when a jump can be made from one cluster to the other. In Fig. 14 , the four curves, two solid and two dashed, correspond to the analytical and simulation results when the mean speed is fixed at 20 m/s in each direction, while the variances of the speeds are varied. As can be seen, all four curves are very close together, meaning that changing the variance has a small effect on the pdf of the end-to-end delay.
VI. CONCLUSIONS AND FUTURE WORK
In this paper, to the best of our knowledge, the first analytical model to determine the cdf of the end-to-end delay in a two-way highway VANET where the vehicles travel in opposite directions has been derived. The resulting cdfs from this new analytical model were compared with those obtained empirically from C++ simulation and it was found they are in very close agreement.
This analytical model helps predict the end-to-end delay for different vehicle densities, velocities and when the communication range between vehicles is varied. As already mentioned in Section I, this in turn makes it possible to improve on existing and proposed VANET broadcasting and routing protocols, optimize placement of roadside units, and help give certainty bounds for message transmission across a given distance over a given time. In the future, it is planned to investigate more sophisticated traffic and highway configurations.
APPENDIX A DERIVATION OF ANALYTICAL cdf OF DISTANCE TRAVELLED BY CLUSTER TAIL
Here, analytical expressions for the cdf of the distance travelled by a cluster tail are derived.
APPENDIX B INTER-VEHICULAR DISTANCE PROBABILITY DISTRIBUTIONS
To aid in the calculation of the pdf of inter-vehicle distances, the following lemma is first proven.
Lemma 1: The inter-vehicular distance distribution beyond a non-right connected vehicle is different than the overall unconditional inter-vehicular distance distribution.
Proof: When the right-travelling cluster head catches up to a left-travelling vehicle, it is either right-connected or not. If not, then certain facts about the configuration of vehicles beyond the left-travelling vehicle caught-up to, can be inferred. First of all, there are no right-travelling vehicles within communication range of the left-travelling vehicle, otherwise it would be right-connected. Secondly, it cannot be connected to a left-travelling vehicle which is rightconnected, otherwise it would also be right-connected. Therefore, the distribution of vehicles beyond this left-travelling vehicle which is not right-connected, will be different than the initial distribution.
To help in determining this distribution, the probability distribution when the left-travelling vehicle which has just come into communication range is left-connected, of both the next-closest left-travelling vehicle and the next-closest righttravelling vehicle, is calculated. These probability distributions are subtracted from the overall probability distributions of the next-closest left-and right-travelling vehicles, to obtain the pdfs of the next-closest left-and right-connected vehicles which are not right-connected. The probability distribution for the next right-travelling vehicle is denoted by f X L c,R (x L c,R ), and the pdf of the next left-travelling vehicles f X L c,L (x L c,L ), given they are both rightconnected. These probability distributions can be found from the following piecewise-defined expressions:
for x L c,L r and 0 otherwise.
and g 0 and g 1 are defined as zero otherwise. When the message first arrives at a right-travelling vehicle, there are two possible scenarios with regards to the connectivity of this right-travelling vehicle. Either it is itself connected to another right-travelling vehicle, or it is not. If it is connected to another right-travelling vehicle, then the pdf of the distance to the next right-travelling vehicle is given by f X L c,R (x L c,R ) as in Eq. (16). Otherwise, it is not connected to another right-travelling vehicle. The pdf of the distance to the next right-travelling vehicle in this case is given by
This is just the difference between the total density of righttravelling vehicles and those connected, possibly via a cluster of left-travelling vehicles to another right-traveling vehicle. Then, the overall pdf of the distance to the next vehicle (be it left-or right-travelling) will be:
Consider two separate cases for catchups, first when no catchups have occurred so far with the current cluster head, and second when at least one unsuccessful catchup with the current cluster head has occurred. The distribution f X Luc (x L uc ) corresponds to the case when there have been no unsuccessful catchups so far with the current cluster head. If instead, there has been an unsuccessful catchup, the distributions above are modified to more accurately reflect the true distributions of the nearest left-and right-travelling vehicles.
In this case, the distribution of vehicles beyond the current cluster head will instead follow the following distribution:
Analogous to the case when there were no unsuccessful catchup phases with the current cluster head, f X
corresponds to the pdf of the distance to the next lefttravelling vehicle when there has been at least one unsuccessful catchup phase, while f X L uc ,R (x L uc,R ) denotes the pdf of the distance to the next right-travelling vehicle when there has been at least one unsuccessful catchup phase. It can be shown that
This distribution takes into account the fact that as soon as an unsuccessful catchup phase has occured, there must be a left-travelling vehicle at exactly the communication range r to the right of the current right-travelling cluster head.
If the distribution of the distance to the next right-travelling car, assuming it is disconnected to any other right-travelling vehicle, is denoted by f X L uc,R , then
From this definition, it can be shown that 
